Abstract. We provide a geometric proof of the Horn conjecture, and show how the Saturation conjecture follows from it. We also consider the Quantum analogue of the Horn Conjecture.
Introduction
We present a geometric proof for a generalisation of the Horn conjecture. Combinatorial proofs of Horn and Saturation Conjectures have been given by KnutsonTao [4] and Fulton. We refer to the Bulletin article of Fulton [3] for the history of this problem.
To explain the problem we need a definition and a few basic results.
Definition 0.1. Let I = {i 1 < i 2 < · · · < i r }. Let F • be a complete flag in a ndimensional vector space E (the subscript in the notation denotes the dimension). Now let Ω I (F • ) = {L ∈ Gr(r, E) | dim(L ∩ F it ) ≥ t for 1 ≤ t ≤ r}. is given by {φ ∈ Hom(S, E/S)|φ(S ∩ F j ) ⊂ F j + S S for j = 1, . . . , n}.
Both S and E/S inherit complete flags from E by restriction and projection. Let F j (S), F j (E/S) denote the elements of these flags of dimensions j (F j (S) = S ∩F ij , the description of the flag on E/S is in terms of the complement of the set I). With this notation,
T X S ⊂ T (Gr(r, n)) S = Hom(S, E/S) is given by {φ ∈ Hom(S, E/S)|φ(F l (S)) ⊂ F i l −l (E/S) for l = 1, . . . , r}.
We start working in the situation where we have s complete flags F j • , j = 1, . . . , s on E and s subsets I j for j = 1, . . . , s of {1, . . . , n} of cardinality r each. We will use the notation So the tangent space cannot be of dimension greater than dim. Now suppose S is a dimension d subspace of V which is in 'Schubert position' K j = {k The above is valid for any V ∈ Ω 0 , but we may assume that the induced flags on V are also in general position (shown later). Hence the nonemptyness of Ω implies that on a r dimensional vector space C r with s generic flags, every subspace S of C r satisfies the inequality
where K j are the Schubert positions of S. The sufficiency of these conditions when dim = 0 is an equivalent form of the Horn conjecture. We refer to [3] for Horn's original formulation. It is easy to see by intersecting with ample divisors in Grassmannians (and induction) that Horn's conjecture implies that these conditions are sufficient even if dim > 0. We do not sketch this argument here. Instead we prove the sufficiency of these conditions geometrically for all dim. (in fact dim = −(weight(V )+ (s− 1)r(n− r)) so dim ≥ 0 is part of the conditions!)
It is easy to see that the Horn's conjecture implies a conjecture in representation theory called the Saturation conjecture. The earlier proof of the Horn conjecture was by showing that it follows from the Saturation conjecture [3] . The proof of Horn implies Saturation is easy (and certainly known before) but I could not locate a reference in the literature. This proof is included in section 6.
Let us informally describe our approach first. Where do we start if there is no point of intersection? After all, the hypothesis are for a r dimensional space. So we fix a r dimensional space V inside C n and look for generic flags
( genericity of the flags is genericity subject to this condition 1 ). The problem now is that the intersection Ω may not be transverse. But if it is transversal it is easy to see that the intersection Ω is never empty and we have proved everything. To prove the intersection is transversal we can work on the level of tangent spaces and show that the scheme theoretic tangent space T (Ω) is a vector space of dimension dim. We can assume that the induced flags on V and E/V are both generic and show that
(E/V ) for j = 1, . . . , s and l = 1, . . . , r} is of dimension dim if the 'stability like' hypothesis is true. Let φ be a generic point of X and S be the kernel of φ which is of dimension d(say) and in Schubert position K j for j = 1, . . . , s with respect to the (s) given flags on V . At this point it is useful to introduce the following notation: 
It is crucial to note the formula relating weights as defined before and the definition above.
Lemma 0.4. Let V ⊂ C n be in Schubert position I j with respect to the complete flag
Remark 0.5. If the flags on V are generic too, then the dimension of the space X of subspaces with the same Schubert position as S inside V is dim(S, V ). All the points of X have the same Schubert position S ′ when thought of as subspaces of C n . The dimension of the space Y of subspaces of C n in Schubert position S ′ is dim(S, C n ). We have an injective map X → Y . Hence the inequality. The conclusion is true even if the induced flags on V are not generic (but the ones on C n are). This is because the dimension of X above in that case is atleast dim(S, V ) and we can use the same reasoning.
We can now calculate exactly the dimension of the subset of X whose kernel is of a given dimension and Schubert position. Namely fix a dimension g and an element G in Schubert position T j . Then the dimension of the subspace of X which have the kernel in the same Schubert position as G is
The set could be empty though! Two main points 1. If V and W are two vectorspaces then Gl(V ) × Gl(W ) acts on Hom(V, W ). 2. The action above is transitive on each Hom k (V, W )-the set of homomorphisms of rank k. Hence if Ω is generically nonempty then if S is the generic kernel , by combining the two earlier formulas we get
This formula extends in the following remarkable fashion, we will return to the detailed proofs later. 
and (as a special case-starting with
The approach is inductive and we prove 0.6 together with Horn's conjecture. We will briefly discuss the strategy of the proof. We assume we are the starting situation and S is the generic kernel of Hom(V, C n /V ). We then have dim(S, V ) + weight(S) + (s − 1)d(n − r) ≥ 0 from the earlier discussion. If this number is strictly greater than zero then Ω is generically empty (and we are in trouble!). If dim(S, V ) = 0 then we are done. For if assume 'stability type condition' on V would bound the number above to be less than or equal to zero. And the other lemma holds trivially (S 2 = S 1 = S) So let us assume that dim(S, V ) > 0 we have
Where the map S → V /S is a generic element of the tangent space to S in Gr(d, V ), S 1 its kernel.
Let W be the image of V /S in C n /V and W ′ = the image of S in C n /V by the composite. We therefore have from the genericity of the induced flags on C n /V that:
It turns out that this is in 'conflict' with the starting assumption
and this conflict is the main idea of the proof. We consider a quantum version of the Horn Conjecture. While we show that non zero Gromov-Witten invariants produce 'twisted' unitary representations of π 1 (P 1 − {p 1 , . . . , p s }), we havent been able so far to prove the converse. There is no known 'quantum' version of the saturation conjecture.
The way nonzero intersections (quantum or the usual) produce objects close to representations of the fundamental group of π 1 (P 1 − {p 1 , . . . , p s }) is very intriguing. Perhaps there is a 'natural' (motivic?) construction of these representations.
Other interesting problems connected with this work include finding analogues of the Horn and Saturation Conjecture for other groups. But it seems special to the Gl(n) (or SL(n)) case that the coefficients ocurring in the decomposition of a tensor product of 2 irreducible representations are intersection numbers.
I thank John Millson for asking for a geometrical explanation of the Horn Conjecture during his visit to Utah. Bill Fulton's Bulletin article is where I learned of the conjecture, its setting and also the saturation conjecture. I thank Madhav Nori for some useful discussions on maps of generic stable bundles of different slopes on a Compact Riemann Surface.
Notation and some elementary deductions
We repeat some definitions from the introduction. We now prove the tangent space lemma from the introduction.
complete flag in a ndimensional vector space E (the subscript in the notation denotes the dimension). Now let
Ω I (F • ) = {L ∈ Gr(r, E) | dim(L ∩ F it ) ≥ t for 1 ≤ t ≤ r}.
Lemma 1.2. With notation as in the previous definition, let
Both S and E/S inherit complete flags from E by restiction and projection. Let F j (S), F j (E/S) denote the elements of these flags of dimensions j (F j (S) = S ∩F ij , the description of the flag on E/S is in terms of the complement of the set I). With this notation,
is given by
Proof.
2
Let φ be in the tangent space. As S 'moves along' φ, the subspace S ∩ F k should remain in F k (that is there should be a deformation of this space in F k consistent with the given deformation of S). Hence we get
On the other hand we can compute the dimension of the φ satisfying the condition above and see that the dimension coincides with dimension of X. We believe that this description is valid also along the singular locus of X but will not need it.
Note that this condition is to be checked only for j = i k for k = 1, . . . , r and that
We now collect a few lemmas about homomorphisms of filtered vectorspaces (this is Totaro's or Faltings terminology, although I would prefer parabolic vector spaces). In any case the terminology as used below is not standard! Let V and Q be two vector spaces of dimensions r and n − r respectively. The number n has no special significance now. Assume also that V and Q come equipped with s flags in mutually generic position (ie in a open subset in the product
. Let the flags be denoted by
Also assume that we have numbers
Our main interest is the space
It is clearly a vector space. The number of 'conditions' from the jth flag is
Let this be denoted by dim.We always assume that dim ≥ 0. We start by asking the following question:
Determine conditions on the data so that for mutually generic flags on V and Q, the actual dimension (which is at any rate at least as much as dim) is exactly dim.
A special case of this setting leads to the Horn type conjecture. Namely suppose we have s complete flags F j • , j = 1, . . . , s on C n and s subsets I j for j = 1, . . . , s of {1, . . . , n} of cardinality r each. We will use the notation 
Let us note the following lemma:
be the spaces of complete flags on V and C n /V respectively. Then the natural map
Proof. Choose basis, or use a splitting of C n .
Hence we may assume that the induced flags on V and C n /V are in generic position (mutual). We now study the tangent space
as tangent space to a scheme theoretic intersection. The following lemma is readily checked Lemma 1.4. Let X j , j = 1, . . . , s be subschemes of a scheme X, let Z = ∩ j=s j=1 X j be the scheme theoretic intersection (the ideal sheaf
Proof. Z satisfies a universal property for maps into Z. Apply this to spec(C[ǫ]/(ǫ 2 )).
where F j l (V ) etc, refer to the dimension l element of the jth induced complete flag on V , and
We note the following elementary fact from local intersection theory. Lemma 1.5. Let X be a variety with a transitive action of an algebraic group. If X j are irreducible subvarieties of X for j = 1, . . . , s so that (x is a point in X)
x ∈ X j for j = 1, . . . , n and T (∩
Proof. The point x is in the smooth part of each X j , because of the dimension condition, and the local multiplicity (Serre) is positive. And X is a variety with a transitive action of an algebraic group.
Hence letting Q = C n /V and θ j l = i j l − l, we get that Ω is generically nonempty if and only if HOM is of dimension exactly dim.
In the next section we study HOM further.
Study of Homomorphisms
We return to the V, Q, θ 
s} is called the Schubert position of S with respect to the flags
We will some times omit to calligraph the S. We also sometimes consider a Schubert position without specifying an element with that position. 
By abuse of notation, for a subspace S of W we write dim(S, W ) instead of dim(S, W ) (where S is the Schubert position of S).
Note that dim(S, W ) is the expected dimension (for generic flags) of subspaces of W with the same Schubert position as S.
Also define:
(notice the overall negative sign which makes this a parabolic weight)
This has the following remarkable connection to dim(S,V) in the horn-type situation: Lemma 2.4. In the Horn-type situation, any subspace S of V is also a subspace of C n and (d=rank(S))
Proof. Let the Schubert position of S in V be S = {K j , j = 1, . . . , s}, with
Now a simple calculation leads to the formula.
The remark 0.5 from the introduction explains why the right hand side above is nonpositive in the Horn-type situation without tangent space arguments.
Returning to the general situation, note that dim = 'expected dimension' of HOM is −(weight(V ) + (s − 1)r(n − r)).
We will always assume that the expected dimension is nonnegative. We now make two important calculations: Remark 2.8. For example if T is the locus of S for which are not in general position for a property P (internal to V, and the flags), then we may assume S is not in T by using the moving lemmas.
Proof. Let us do the first calculation first. Suppose we have s = 1 then the codimension of the set is exactly
hence the dimension of the intersection (with any s and at any point of intersection) is atleast dim(S, V ) − (s − 1)(r − d)(n − r) − weight(V ) + weight(S) but weight(V ) + (s − 1)r(n − r) = −dim so the dimension of the intersection at any point is as claimed in the statement.
To do the second calculation, note that homomorphisms of a given rank from V to Q are a homogenous space under the action of the group GL(V ) × GL(Q), and since the flags on V and Q are generic etc, the codimensions have to strictly add up at any point of intersection.
Remark 2.9. Let (V t , Q t ) be a family of pairs of vector spaces with s complete flags and θ's fixed. Then if any of the sets above are nonempty for (V 0 , Q 0 ) and of the expected dimension and the intersections defining these are transversal at φ 0 , then the spaces S t , maps φ t deform with t for t small. One can have a more precise formulation using etale open sets.
We therefore arrive at our first necessary condition on when HOM is of expected dimension:
For every S with dim(S, V ) ≥ 0 and an element with the Schubert position S exists for generic flags on V, we need weight(S)
(HOM S is nonempty and if the inequality above does not hold, then there have to be maps other than the zero map, or we can count dimensions after fixing a S as in the introduction)
And in the horn-type situation this is just For every S with dim(S, V ) ≥ 0 and an element with the Schubert position S exists for generic flags on V , we need dim(S, V ) ≤ dim(S, C n ) This is a (semi)stability condition when dim = 0 in the general case (dim > 0), it says something about the Harder-Narasimhan (instability)flag (slope of any subspace is ≤ 0).
generic kernels
Let S 0 = V ⊂ C n = S −1 be in Schubert position I j , j = 1, . . . , s and suppose the flags are generic and dim(V, C n ) > 0. We are assured of a positive dimensional family of homomorphisms from V to C n /V from the tangent space at V of all elements in Gr(r, n) with the same Schubert position as V . Let φ be a general element and S = S 1 be the kernel of φ in Schubert position S. Now suppose dim(S, V ) > 0, let S 2 be the generic kernel of the tangent space induced maps S → V /S, continue this process let us say for k-times. Note that S has all the genericity with respect to properties 'internal to V'+ ofcourse the Schubert conditions imposed, because of the transitive group action from the previous section (and the moving lemmas from the section on moving lemmas).
We will need the following hypothesis validated by the induction step in the course of the main theorem Hypothesis H: dim(S k , C n ) = (k + 1)dim(S k , S k−1 ) For an example take all the Schubert conditions to be as generic as possible. And look at s = 1 and (2) . and the formula is verified. 
Proofs
We will prove that Assumption S: For every S with dim(S, V ) ≥ 0 we need weight(S) + (s − 1)d(n − r) ≤ 0 implies that HOM is of the expected dimension dim ≥ 0. Note that dim ≥ 0 is a part of the assumption. We will also assume the hypothesis H for all V of dimension < n.
In the beginning let us place no conditions other than dim ≥ 0. Let φ be the general element in HOM and let S be its kernel in Schubert position S, and of rank d.
Hence
In the first case, the Assumption S gives us weight(S, V ) + (s − 1)d(n − r) = 0, and also that dim(S, V ) + weight(S, V ) + (s − 1)d(n − r) = 0. So HOM is also of the expected dimension.
In the Horn type situation, there is nothing to prove to validate Hypothesis H inductively.
So let us assume that the second condition holds. Let ψ be a generic element in the tangent space of S = S 1 in Gr(d, V ) as an element of Hom(S, V /S). Let S 2 be the kernel of ψ Note that
Let W =image of φ and W 1 =image of φψ and
. . , r}, the Schubert position of W be {a So the 'weight' of the
Further observe that
(we write the j superscript only once, for example we have witten F 
We split the sum as one over all l and subtract the part over l ∈ {s 
The lefthandside is ≤ 0 because of the Horn-type reason for W ⊂ Q But also
because HOM S2 fibers over HOM o S (near the point (φ, S 2 )) with fiber dimension dim(S 2 , S). Hence equality holds everywhere above and noting inductively that
then Assumption S guarantees that this number is zero, and recalling that weight(S
2 ) + (d 1 (n − r)) = dim(S 2 , V ) − dim(S 2 , C n ), we also get dim(S, C n ) = 2dim(S, V ) and dim(S 2 , C n ) = 3dim(S 2 ,
S).
If dim(S 2 , S) > 0, we continue to play the same game by taking the S 2 → S/S 2 that this yields (and a generic such map) and continuing; W 2 = image of S 2 under the long composite and S 3 the kernel. It has to terminate some time and then we will find a contradiction to assumption S if HOM exceed the expected dimension.
Inductively we have η : S l → V /S with kernel S l+1 . Also assume
Now let κ : S l+1 → S l /S l+1 be the map coming from a tangent space element with kernel S l+2 . clearly
Let the Schubert position of S l ⊂ S be
, and we get (k
and note that inductively
and the same reasoning as before gives us strict equalities and finally note
by hypothesis H. Inductive validation of the hypothesis H in the horn type situation follows from equalities everywhere above and
and use dim(S k+1 , V ) = kdim(S k+1 , S k ).
Moving lemmas
For simplicity assume all varieties below are over C. 
is of the expected dimension dim(Z) + dim(W ) − dim(Y ) (we ignore the smoothness properties which are obvious from the proof )
The scheme S surjects on to Z × W (this is from the transitivity of the G action on Y ) with fiber dimension = isotropy group of elements in Y .
hence the fiber dimension of the generic fiber is as claimed (plus as usual the constructibility of the images under algebraic maps of algebraic sets)
Lemma 5.2. ( A variation)
Let π : X → Y be a map of algebraic varieties which is topologically a fiber bundle. Assume that X carries an action of H and that H acts transitively on each fiber of φ (H carries each fiber of φ to itself ) Let Z i , i = 1, . . . , s be cycles on X which are fiber bundles with fiber dimension
Proof. The previous lemma is the model. Let
because of the transitivity of the H action on the fibers of φ.
The fiber dimension is
Hence the formula in the lemma.
The moral of the last lemma is that if dim(T ) < dim(∩Y i ), then the generic point of ∩Z i can be arranged to have its φ image not in T .
In our situation X is Hom k (V, Q) (homomorphisms of rank k, hence dimension of kernel is r − k), Y is Gr(r − k, k), H is the group GL(Q). the cycles Z i are of the folllowing type for given flags F (V ) • and F (Q) • on V and Q respectively:
We continue with an an elaboration of iterating the generic kernel procedure. Let S ⊂ V be a subspace of a vectorspace endowed with s generic flags. Suppose dim(S, V ) > 0, then we took a generic element in the tangent space, viewed it as a map S → V /S, let S 1 be the kernel and said S (with the induced flags) is generic too and continued the procedure. We wish to clarify/elaborate this procedure.
To justify this procedure let us introduce a property P (V, S) of a pair (V, S) where V is a vector space with s flags(not necessarily generic), S a subspace in the following inductive procedure:
1. The scheme of S ′ which have the same Schubert position as S is smooth at S and of the expected dimension. 
Horn Conjecture implies Saturation conjecture
The results of this section were certainly known before, but I could not find a reference in the literature. 
and assume
The number does not depend on the choice of M , because of functoriality of cup product.
We can state a form of the saturation conjecture for SL(n) as follows (saturation conjecture refers usually to a related problem in representation theory) We want to show how the Horn conjecture implies the saturation conjecture. Assume N > 0 and find M with N λ l , N µ l , N ν l all ≤ M for all l. Let V be given 3 complete flags in general position. For S ⊂ V, dim(S) = d in Schubert position
where
we have two weights: w(S) = w 1 (S) + w 2 (S) + w 3 (S). and
. (w arises from λ, µ, ν and w ′ from N λ, N µ, N ν) with
and hence similiarly w
Hence we get the relation Examples of intrinsic properties are stability, semistability, the 'shape' of the Jordan-Holder decomposition or the Harder-Narasimhan filtration.
We have seen that c λ µ,ν > 0 is equivalent to semistability. Examples show that stability is not the condition either. One tempting possibility is the property Q: The graded pieces of the Jordan-Holder filtration are all one dimensional.
Unfortunately while the property Q ensures c 
Quantum Analogues
We refer the reader to [2] for definition of Gromov-Witten invariants and for the notation in this section. We start by discussing the consequences of the assumption
To generalise we will look for conditions under which this intersection is non empty (and nothing about the expected dimension) By standard arguments (using the Kleiman Bertini theorem and Kontsevich compatification of maps from P 1 → Gr(r, n)) we can assume that the point of
The tangent space at V in the Kontsevich modulispace (which is near V the same as the Grothendieck Quotscheme) of the intersection is One other problem is how do we study S ⊂ V? That is how do we decide whether a S with given numerical position exists (degree, Schubert position of fibers)? V with the induced structure can be assumed generic, but the degree of V is not 0. But V can be 'shifted' as in [1] .
We make a new definition (fix points p 1 , p 2 , . . . , p s ∈ P 1 ) Definition 7.1. Define the shifted Gromov-Witten number
to be the number of subbundles S (0 if the number is infinite) of degree −d of a generic vector bundle V of degree −deg on P 1 so that the fiber of S at p j lies in the Schubert cell Ω I j (F j (V/m pj V)) for generically chosen flags on V/m pj V, j = 1, . . . , s. Now let n 1 , n 2 , . . . n s be integers between 0 and n. Let m = Σn j . Also let d k be the number of elements in I k which are less than or equal to n k . we then have a 'tranformation formula':
< Ω I 1 , . . . , Ω I s > d,deg = < Ω I 1 −n1 , . . . , Ω I s −ns > d−Σd k ,deg−Σn k proved by the same methods as in [2] . Recall that I k − n k is obtained by subtracting n k from the elements of I k and reducing them modulo n with n replacing 0's. This procedure reduces the calculation of the shifted Gromov-Witten numbers to the usual ones.
Let us verify this partially here. First we verify that the moduli of S in V is smooth (without Schubert conditions) of dimension d(S)(r − rk(S)) + rk(S)(d(S) − d(V)) + (rk(S))(r − rank(S)) = rd(S) − rk(S)d(V) + rank(S)(r − rank(S)). We also have codim(Ω I j −nj ) = codim(Ω I j ) − d j (r − rk(S)) + (n j − d j )rk(S). and this ensures codimension conditions on both sides are the same. The quantum analogue of the Saturation conjecture is not 'available'. Yet, it makes sense to consider the Quantum analogue of the Horn Conjecture: The conditions slope(S) ≤ −(s − 1)(n − r) assure that the intersection exists (for example if dim = 0, the Gromov-Witten number is nonzero).
The methods of this paper do not seem to go through for the Quantum question. The problem seems to be one of parametrising maps φ : V → O n /V with control on the maps at p j ∈ P 1 . The rank of the map φ pj can vary with j. So we will need to compute the dimension of maps Hom(V, O n /V) with kernel of rank d and the kernel of φ pj of rank d + d j .
Although we would not want to guess either way on the Quantum question, one implication is clear -nonzero intersections (quantum) produce shifted unitary representations of the fundamental group π 1 (P 1 −{p 1 , . . . , p s }). This is a mysterious new source of such representations.
